If a family of compact sets in E n has property U this, clearly, does not imply that the sets are convex. The purpose of this short note is to show that (loosely speaking) if the family possesses property U not accidentally but by virtue of the geometric structure of its sets, then all the sets of the family are convex.
The proof of our result is rather simple, but as far as we are aware no theorems converse to Helly's have been noticed before.
In order to state our result briefly we make the following definition: Different means labelled differently. The theorem applies also to families in which one set appears several times, for example, to a family consisting of n+ 2 identical sets.
(ii) For i = 1, ,n + 1 let C; denote the closed polyhedral cone with vertex at PQ and edges obtained by prolongation of the n directed segments PJPQ 3.3. For n > 2 both 3.1 and 3.2 can be carried out simultaneously. That this cannot be done for n = 1 is shown by the following example: A family of 3 sets, one consisting of two points and the other two being two equally directed closed half lines.
Remarks.
It might be interesting to consider the necessity of the various assumptions made in the theorem, 4.1. It is natural to ask whether property &U could be weakened in that we would allow not all affine transformations but only some transformations of a special kind. As shown in 3.1 it is possible to do something in this direction;
however not much more can be done as is seen from examples that follow.
The theorem would become false if in defining property QM we would have But V( = \di\Vi (i = 1, * 9 n + 2) where c?, is the determinant (of the nontranslational part) of Γj , and either (i) or (ii) would imply a rational relation between the V( contrary to our assumption.
An argument of the same kind shows the existence of n + 2 sets S { as above having the property obtained from dU by restricting the affine transformations by the condition that the determinants be bounded and bounded away from zero.
Such an argument also applies if instead of considering all affine transformations we consider, say, the similarities, that is, those obtained by combinations of translations, stretchings and orthogonal transformations; etc.
It should be noticed that in the above counterexamples the families consist of n + 2 sets; thus they apply even if in the theorem the assumption "the family has property &U" is strengthened to "every subfamily of more than n + 1 sets has property OH". On the other hand it is easily seen that with this new formulation (but not with the original one) the theorem remains valid if we restrict the consideration to affine transformations with determinants bounded by an arbitrary positive number (or, alternatively, with determinants bounded away from zero).
4.2. In 3.2 we remarked that the assumption of compactness could be weakened; it is, however, impossible to dispense with it altogether. To see this it follows that n^t T t 0* ^ φ 9 that is, our family has property dU as claimed.
It is even impossible, unless some precautions are taken, to replace the word "compact" in the theorem by the word "closed". One has merely to think of the family {K i9 9 K n + 2 \ where K ί9 ,K n+i are arbitrary sets of linear dimension n and K n + 2 = ^Π 4.3. Finally, it is easy to see that the assumption about the linear dimension of the sets K a is essential. The simplest example proving this is obtained by considering the case when each K a consists of n (or fewer) points. The sets K' consist also of fewer thin n + 1 points and a trivial argument shows that the family {K^ \ has property U.
It is also impossible to improve the theorem by dropping the assumption about the linear dimension and replacing the conclusion by "each set is either convex or has linear dimension n\ A trivial counterexample is obtained by taking one arbitrary set and all other sets consisting of single points. It is possible to construct more ingenious examples showing, for example, that one
